We present a theoretical analysis of the multiphonon features appearing in the angular and energy resolved scattering spectra of low energy He atoms inelastically scattered from surface phonons. By applying the recently developed fully quantum multiphonon scattering formalism to the benchmark system Xe(111) we are able to reproduce with great accuracy the experimental data and also demonstrate how in the transition from a single-to a few-to a multiphonon scattering regime the one-and the many-phonon components of the scattering spectra evolve as the mean number of exchanged phonons increases with the increase of He atom incident energy. We show how the twophonon processes may give rise to distinct peaks in the scattering spectrum as a result of the zone edge focusing effects and how the many-phonon features may still produce a structured background before the true multiphonon limit characterised by a Gaussian spectral shape is reached. These findings should prove useful in the interpretation of multiphonon He atom scattering spectra from other systems with similar surface vibrational properties.
The energy and momentum transfer in gas-surface collisions proceeds under standard conditions dominantly in the multiphonon scattering regime. A convenient laboratory tool for studying these processes is inelastic scattering of thermal energy He beams from surfaces either in the ultra-high vacuum (UHV) environment, which enables to achieve and control the cleanliness of the studied surface on the atomic scale by means of the various surface science techniques, or in the wind tunnel experiments in which the energy transfer is directly obtainable from calorimetric measurements performed on samples exposed to the beam 1 .
However, the structure and cleanliness of the sample surface in the wind tunnel environment can be controlled and maintained only at a technical level.
The majority of UHV experiments utilising low energy He-atom-scattering time-of-flight (HAS-TOF) spectroscopy of surfaces have been performed with the aim to investigate and reveal the properties of surface phonons. To this end the experiments are carried out in the one-phonon scattering regime as only such experimental conditions allow clear fingerprinting of the surface phonon dispersion curves which serve as prerequisites for mode assignments and theoretical interpretations of the spectral peak intensities 2 . The interpretation of HAS experiments in the multiphonon scattering regime is much more involved because of the need to deconvolute the various features in HAS-TOF spectra whose energies and intensities depend on phonon dispersions and scattering dynamics in a highly nontrivial fashion. Due to this complication very few experiments carried out in the multiphonon scattering regime have been complemented by adequate theoretical analyses, except in the case of high enough He beam energies for which the HAS-TOF spectra acquire a structureless Gaussian shape typical of the semiclassical scattering limit 3, 4 . A particularly complicated situation regarding the interpretation of measurements arises in the transition or cross-over from a single to a fewphonon scattering regime because of the difficulties encountered in theoretical assessments of the scattering events of this kind.
An exception to the general situation characterised by the difficulties to study transitions from a single-to a few-to a multiphonon scattering regime occurs for surfaces which exhibit nondispersive or Einstein-like phonons whose frequency ω(Q) as a function of a two-dimensional phonon wavevector Q parallel to the surface remains constant over the surface Brillouin zone (SBZ), i.e. ω(Q) = ω 0 . Typical examples of the systems exhibiting nondispersive surface phonons are monolayers of rare gas atoms adsorbed on low index crystal surfaces of metals 5, 6 and layers of molecular adsorbates like CO on metals 7, 8 . The HAS TOF spectra originating from single and multiphonon excitation of Einstein modes display a relatively simple structure consisting of a series of equidistant peaks located at multiples of Einstein phonon energyhω 0 . The intensities of higher order peaks increase as the scattering regime changes from a single-to a multiphonon one but the actual transition between the two regimes depends on several parameters such as the incident energy and angle of the projectile atom, the magnitude of the mode frequency and the direction of its polarisation, surface temperature etc.
The quantity that best reflects the transitions between different scattering regimes is the exponent 2W of the Debye-Waller factor (DWF), exp(−2W ), that is calculated for a particular scattering spectrum. The value of 2W =n is a function of the afore mentioned parameters and measures the mean number of phononsn exchanged in the course of collision 9 .
Hence, the transition from a single to a multiphonon scattering regime occurs for those values of the system and collision parameters for which 2W ≃ 1. In the case of nondispersive Einstein phonons this value of the Debye-Waller exponent (DWE) gives rise to maximum intensity of the first Einstein phonon peak in the scattering spectrum, whereas for 2W ≥ 2 the intensity of higher order peaks takes over. The recently developed quantum theory of multiphonon HAS from nondispersive phonons 10, 11 , which enables a detailed analysis of the properties of the DWF 12 , has been successfully applied to interpret the TOF spectra of He atoms scattered from monolayers of Xe atoms on Cu substrates 6 in which the dominant inelastic structure arises from excitation of Einstein modes. Many conclusions reached in these analyses can be conveniently extended also to the analyses of more complicated situations of inelastic HAS from dispersive phonons.
The problem of observation and pinpointing of few-and many-phonon processes in inelastic HAS from dispersive phonons is much more critical than in the case of Einstein To interpret the experimental results we have carried out fully quantum multiphonon calculations of the energy and parallel momentum resolved scattering spectra N k i ,Ts (∆E, ∆K)
for experimentally fixed He atom initial momentumhk i and the substrate temperature T s , using the exponentiated Born approximation (EBA) formalism 11, 14 . In this formalism the scattering spectrum as the function of the energy and parallel momentum transfer from the projectile to the phonons is given by a compact expression:
where the Debye-Waller exponent is 2W = 2W EBA k i ,Ts (0, 0) and the scattering function 2W EBA k i ,Ts (R, τ ) is calculated in the EBA (for details see Eq. (12) of Ref. 13) . The values of ∆E and ∆K appearing in expression (1) are not independent but are connected by the requirement of total energy and parallel momentum conservation in the collision, i.e. they are confined to the scan curve.
The calculated values of the Debye-Waller exponents pertaining to the measured spectra reported in Ref. 13 (c.f. Fig. 12 of Ref. 13) indicated that these experiments were carried out in the two-phonon scattering regime. A typical result of the EBA calculations for the scattering spectrum of the He→Xe(111) collision system and comparison with the experimental data reported in Ref. 13 is shown in Fig. 1 . Under these scattering conditions the observed features at ∆E = ± 4.2 meV, which can not be interpreted as arising from single phonon scattering processes, can be explained within the present model as a result of excitation of two RW phonons with wavevectors from nearly the opposite edges of the first SBZ so as that the total momentum transfer to phonons is small. A similar effect has also been observed in inelastic HAS from frustrated translation modes of c(2 × 2) structure of CO on Cu (100) 8 .
Following such a good agreement between the measured and theoretical results and taking into account the information on the scattering regime embodied in the corresponding DWE, we find a strong support for the above proposed assignments of the extra features in the He→Xe(111) TOF spectra. The goal of the present work is to further corroborate this interpretation through supplementing the previous calculations by more detailed theoretical analyses of the few-phonon scattering processes which may occur in HAS studies of this and other systems exhibiting similar surface vibrational properties.
In Fig. 2 we display four scattering spectra calculated for the collision system The origin of the peaks M 2 and M −2 located at ∆E± ≃ 4.2 meV, respectively, is more subtle as it depends on a strong interplay between the characteristics of the phonon density of states typical of the studied system and the dynamics of the scattered particle. The RW phonons whose polarisation is dominantly perpendicular to the surface couple most strongly to the scattered He atoms, and this property holds in the single as well as in the multiphonon scattering regime. Since both the perpendicular polarization and the RW phonon density of states reach maximum at the SBZ boundary, it is expected that the largest contributions to the two-phonon processes will come from excitations of two Rayleigh waves with respective wavevectors Q 1 and Q 2 from the vicinity of the zone edges, i.e.
On the other hand, as the one-phonon scattering matrix elements also depend on the projectile dynamics and produce maximum two-phonon intensity for minimum total momentum transfer 11, 13, 14 , i.e. | ∆K |=| Q 1 + Q 2 |= min, the combination of two requirements leads to the condition that maximum two-phonon scattering intensity occurs if the phonon wavevectors are pointed to the nearly opposite edges of the SBZ. Such constrained or "zone edge focused" two phonon creation and annihilation processes give rise to the peaks in the scattering spectra that are located approximately at twice the value of the zone edge frequency of a single excited phonon. This is clearly visible in both upper panels of Fig. 2 in which the peaks M ±2 indeed appear at ∼ ±4.2 meV, i.e. at twice the energy of RW phonon at the zone boundary (for dispersion curves of the RW phonon corresponding to the Xe(111) surface see Fig. 11 of Ref. 13) . The same effect occurs also in connection with excitation of LR and SH modes but is correspondingly smaller due to their much weaker coupling to the scattered He atom.
As the energy of the incident He atom is increased from E i = 10.4 meV to E i = 25 meV, the scattering regime changes from a two-phonon to a three-phonon one, as signified by the increase of the Debye-Waller exponent from the value 2W = 2.2 to the value 2W = 3.5. In the three-phonon inelastic He atom scattering processes the constraints on the wavevectors and energies of the emitted and absorbed phonons are much less severe and therefore the three-phonon structure appears much smoother than the two-phonon one. This is a general trend which holds for higher order phonon processes as well. The described situation is illustrated in the lower LHS panel of Fig. 2 . Here the three-phonon structure, whose manifestation are the shoulders denoted by M ±3 in the main body of the multiphonon spectrum, is the dominant one regarding the total spectral weight although the single-and two-phonon features still contribute significant components to the total intensity.
Lastly, as the incident projectile energy is increased to E i = 50 meV, the DWE reaches the value 2W = 7.2 and, accordingly, the calculated spectrum exhibits very little structure on top of a dominantly Gaussian-like shape typical of the multiphonon scattering regime. This is illustrated in the lower RHS panel in Fig. 2 . The elastic peak, which is solely of the multiphonon origin, appears as a shoulder whereas the spectral maximum can be interpreted as a combination of many-phonon exchange processes resulting in the mean energy transfer of the order ∆Ē = −3 meV. Thus, the doubling of the DWE from 3.5 to 7.2 in going from the LHS to the RHS panel in Fig. 2 has resulted in a practically complete removal of the one-and few-phonon structures from the scattering spectra. This should not come as a surprise since the Gaussian spectral shape should always be expected from a distribution describing unitarized probabilities of uncorrelated scattering events in the limit of validity of the Stirling formula for approximating the factorials. Indeed, the last value of the DWE, viz. 2W = 7.2, lies at the lower boundary of this limit.
Finally, it may be of interest to investigate the validity of the Gaussian approximation for the multiphonon scattering formulae as given by Eqs. (73)- (75) Fig. 3 and they illustrate that the Gaussian approximation is an excellent one under these scattering conditions and for the set of parameters characterising the He-Xe(111) interaction 13 .
In summary, we have presented a detailed theoretical assessment of the energy and parallel momentum resolved scattering spectra of thermal energy He atoms inelastically scattered from surface phonons of a simple benchmark system Xe(111). The (111) regimes. We have shown by comparing experimental and theoretical results that in the transition from one phonon-to a two-phonon scattering regime the well resolved one-RW and one-LR phonon peaks represent the dominant structure both in the theoretical and measured spectra, but also that some extra peaks observed in experiments for incident He atom energy E i = 10.5 meV can be interpreted in terms of the "zone edge focused" two-phonon processes. By increasing the incident He atom energy and thereby entering the regime of higher order phonon excitation processes (3 ≤n ≤ 6) we have shown that, contrary to the popular belief, the many-phonon contribution to the overall scattering spectrum may exhibit a relatively rich and complicated structure. Therefore, in this regime and before the multiphonon Gaussian limit is reached forn ≥ 7, the many-phonon contribution does not by any means represent a featureless background. Finally, the existence of a Gaussian limit is demonstrated by the calculations and comparisons of the exact EBA expression with the functional Gaussian limit of the same EBA multiphonon scattering spectrum for E i = 80 meV for which the mean number of exchanged phononsn = 10.9 is large enough to fullful the conditions for a true semiclassical multiphonon limit.
Although our findings and conclusions have been illustrated on a system that exhibits relatively simple vibrational properties, they should be of a more general validity. Hence they may serve as a guideline in pinpointing and detecting the peculiarities of the multiphonon structures also in other systems that have been studied by HAS-TOF spectroscopy in the various scattering regimes. 
